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A Wave-Net is an artificial neural network with one hidden layer of nodes, whose 
basis functions are drawn from a family of orthonormal wavelets. The good lo- 
calization characteristics of the basis functions, both in the input and frequency 
domains, allow hierarchical, multiresolution learning of input-output maps from 
experimental data. Furthermore, Wave-Nets allow explicit estimation for  global and 
local prediction error-bounds, and thus lend themselves to a rigorous and explicit 
design of the network. This article presents the mathematical framework for  the 
development of Wave-Nets and discusses the various aspects of their practical im- 
plementation. Computational complexity arguments prove that the training and 
adaptation efficiency of Wave-Nets is at least an order of magnitude better than 
other networks. In addition, it presents two examples on the application of Wave- 
Nets; ( a ) the prediction of a chaotic time-series, representing population dynamics, 
and ( b )  the classification of experimental data for  process fault diagnosis. 

Introduction 
Artificial neural networks have been widely used to solve 

learning problems in a variety of fields. Using available data, 
the neural networks “learn” relationships between given inputs 
and outputs. These nonlinear relationships are completely em- 
pirical and are not based on any fundamental physical theories. 
As such, neural networks are simply, “. . . complex, nonlinear 
regression models whose structure is determined empirically” 
(Leonard et al., 1991). Although the initial inspiration came 
from the networks of nerve cells in the brain, current devel- 
opments in applied neural networks (or connectionist net- 
works) are primarily driven by advances in functional analysis, 
as will become clearer in subsequent sections. 

In the area of process systems engineering we have witnessed 
an explosion in academic and industrial interest in neural net- 
works, whose applicability in process design, product design, 
and especially process operations and control has been explored 
in a variety of ways. For example, neural networks have been 
employed to 

generate nonlinear models for the design of fixed or adap- 
tive model-predictive control systems (Ungar et al., 1990; Yds- 
tie, 1990; Bhat et al., 1990; Hernandez and Arkun, 1990; 
Haesloop and Holt, 1990); 

diagnose the occurrence of process faults and identify the 
root causes (Hoskins and Himmelblau, 1988; Watanabe et al., 

1989; Kramer and Leonard, 1990; Venkatasubramaniam et al., 
1990; Leonard and Kramer, 1991); 

monitor and interpret process trends, leading to an eval- 
uation of the performance and/or product quality of contin- 
uous or batch operations (Rengaswamy and Venkata- 
subramaniam, 1991), or 

model chaotic behavior of deterministic dynamic systems 
(Levin, 1990; Adomaitis et al., 1990). 

The richness of representations they can capture (Boolean, 
qualitative, semiquantitative, and/or analytic relationships), 
the high degree of parallelism in computations they afford, 
and the simplicity of their structure have made neural networks 
an extremely popular tool for solving many different types of 
engineering problems. 

A neural network is typically composed of multiple layers 
of interconnected nodes with an activation function in each 
node and weights on the edges connecting the nodes of the 
network. The output of each node is a nonlinear function of 
all its inputs. Thus, the network represents an expansion of 
the unknown nonlinear relationship between inputs, x and 
outputs, F, into a space spanned by the functions represented 
by the activation functions of the network’s nodes. Specifi- 
cally, Poggio and Girosi (1989) have shown that learning by 
feedforward neural networks can be regarded as synthesizing 
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an approximation of a multidimensional function, over a space 
spanned by the activation functions, 4i(x), i =  1, 2, . . . , m, 
that is, 

m 

i= I 

Using empirical data, the activation function parameters, 
and the network parameters, ci, i= 1, 2, . . . , m, are adjusted 
in such a way as to minimize the approximation error. 

Two types of activation functions are commonly used: global 
and local. Global activation functions are active over a large 
range of input values, and provide a global approximation to 
the empirical data. Local activation functions are active only 
in the immediate vicinity of the given input value. Their effect 
drops off for input values away from the center of the acti- 
vation function's receptive field. The two most commonly used 
global activation functions are 

(a) the linear threshold unit used in perceptrons, and 
(b) the sigmoid function, used in Backpropagation Net- 

works (BPN). 
From Figures l a  and b we see that these two functions are 

active for all input values greater than a given parameter. The 
functions which can be computed by a BPN with one hidden 
layer having m nodes constitute a very large set, S,,,, defined 
by (Girosi and Poggio, 1989), 

i= 1 J 

where, a(x) is the sigmoid function of Figure lb, w,, c, and 6i 
are adjustable parameters. As a matter of fact, Cybenko (1989) 
has shown that for large enough m, the set S,, includes any 
continuous function. 

The activation function in Radial Basis Function Networks 
(RBFN) is local in character, as shown in Figure lc. In general, 
a Radial Basis Function for the i-th node is given by 

&(x) = h (  Ilx-xjll) (3) 

with Gaussian as the most common form of the function, h, 
that is 

IIX - Xill*) 
4i(x) = exp (- 7) if xER 

I Wil 
( x - ~ , ) ~ W f ( x - x , )  

where, a, is the standard deviation for the one-dimensional 
case and Wi the d x  d weight matrix formed by reciprocals of 
the covariance for the d-dimensional case. RBFNs are also 
capable of approximating any continuous function with ar- 
bitrary accuracy, given enough nodes (Girosi and Poggio, 1989; 
Poggio and Girosi, 1990; Stinchcombe and White, 1989; Hart- 
man et al., 1990; Kreinovich, 1991). But, the approximation 
properties of BPNs and RBFNs are quite different. 

Due to the global nature of. the activation function, each 
node in a BPN influences the output over a large range of 
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Figure 1. Activation functions for various artificial neural 
networks. 

input values. Furthermore, all the activation functions overlap 
over a large range of input values, and therefore interact with 
each other. Correction in the network output for a given input 
requires modification of parameters over all the interacting 
nodes. This makes adaptation and incremental learning with 
global approximators a slow process. Convergence of BPNs 
is also not guaranteed due to the nonlinear nature of the op- 
timization problem, and they may get stuck in local minima 
on the error surface. In addition, global approximation net- 
works provide a value for the output over the whole range of 
input values, independently of. the availability or density of 
training data in given ranges of input values. Such a property 
could lead to large extrapolation errors without warning. 
. Neural networks with local activation functions overcome 
the above disadvantages of global approximation networks. 
For each input value, only a few nodes have nonzero activa- 
tions. These nets are fast to train and adapt easily to new data 
since they require changes in only a small part of the net. The 
local nature of the activations allows extrapolation over a small 
range of input values for which the activations are nonzero. 
This property allows RBFNs to avoid large extrapolation errors 
and provides a measure of the reliability of the network output 
based on the density of the training data (Leonard et al., 1991). 
Also, convergence problems in RBFNs are less serious than 
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those in BPNs. Algorithms for fast learning using RBFNs were 
developed by Moody and Darken (Moody and Darken, 1988, 
1989; Moody, 1989), and subsequent work has demonstrated 
the expected benefits of RBFNs for localized learning (Stokbro 
et al., 1990; Leonard and Kramer, 1991; Lee and Kil, 1991). 

Equations I and 2 indicate that the neural network training 
procedure determines the parameters of the basis functions 
and the coefficients indicating their relative contribution to 
the overall input-output map. But, the set of the basis func- 
tions, which also determines the structure of the network, has 
to be determined empirically by trial and error. Furthermore, 
no physical interpretation can be easily attributed to the model 
generated by the trained network. This lack of formal pro- 
cedures for the design and interpretation of neural networks 
gives them a “black box” character. Poggio and Girosi’s (1989) 
theory of networks for approximation and learning reveals the 
relationship between the model learned by neural nets and 
functional approximation theory. They have shown that RBFNs 
provide a solution to the problem of approximating data by 
regularization, which is a commonly used method for func- 
tional approximation. Improved understanding of the rela- 
tionship between neural networks, approximation theory and 
functional analysis has prompted several researchers to look 
for better ways to design neural networks. 

From the theory of functional analysis it is well known that 
functions can be represented as a weighted sum of orthogonal 
basis functions. Such expansions can be easily represented as 
neural nets by having the selected basis functions as activation 
functions in each node, and the coefficients of the expansion 
as the weights on each output edge. Networks can be designed 
for the desired error rate using the properties of orthonormal 
expansions, thus decreasing the black box character of neural 
nets. Several orthogonal basis functions are known, for ex- 
ample, sinusoids, Legendre polynomials, Walsh functions, and 
so on. Lee and Kil(l991) have shown that sinusoidal activation 
functions provide better mapping capability than sigmoids or 
Gaussians. Unfortunately, most orthogonal functions are 
global approximators, and like sigmoids, suffer from the dis- 
advantages of approximation using global functions. Holcomb 
and Morari (1991) give a method for designing an RBFN based 
on the principles of functional analysis. They use the properties 
of orthonormal expansions to determine the number of nodes 
required in the network by forcing orthogonality on Gaussians 
by prohibiting their overlap. Artificial imposition of orthog- 
onality on the activation functions requires forced generali- 
zation of the learned model through an ad hoc “penalty 
function”. These features result in ad hoc training and ad- 
aptation procedures with no clear termination criterion to de- 
cide how many nodes to train. This method, while an 
improvement over previous training methods, still retains a 
large degree of “black box” character in the neural net. Such 
a network does not suffer from the disadvantages of global 
approximation functions but cannot take full advantage of 
orthogonality either. What we need is a set of basis functions 
which are local and orthogonal. 

It was believed until recently that it was not possible to build 
simple orthonormal bases with good localization properties. 
Meyer (1985) was the first to construct such a basis for all 
square-integrable functions, using a special class of functions 
which came to be known as wavelets. Subsequently, several 
other orthogonal wavelets with good localization properties 

have been developed (Daubechies, 1988; Mallat, 1989). In this 
article we propose the development of neural networks with 
activation functions derived from various classes of orthogonal 
wavelets. The resulting Wavelet Network, or Wave-Net has all 
the advantages of true localized learning. 

Furthermore, in most learning problems the training data 
are often nonuniformly distributed in the input space, that is, 
data may be sparse in some ranges of input values and dense 
in others. An efficient way of solving such problems is by 
learning at multiple resolutions. A higher resolution of the 
input space may be used if data are dense and a lower resolution 
where they are sparse. Wavelets, as it will be explained in 
subsequent sections, in addition to forming an orthogonal basis 
are also capable of explicitly representing the behavior of a 
function at various resolutions of input variables. Conse- 
quently, a Wave-Net is first trained to learn the mapping be- 
tween inputs and outputs at the coarsest resolution of input 
values. In subsequent stages, the network is trained to incor- 
porate elements of the input-output mapping at higher and 
higher resolutions of the input variables until the desired level 
of trade-off between accuracy and generalization has been 
reached. Such hierarchical, multiresolution training has many 
attractive features for solving engineering problems, for ex- 
ample, a meaningful interpretation of the resulting mapping, 
estimation of mapping errors both in local ranges of input 
values and at various resolutions of input values, and finally, 
order@) of magnitude more efficient for training and adap- 
tation of the network, than those offered by earlier methods. 
In subsequent sections we will expand and substantiate all of 
these claims. 

In this article we develop the fundamentals of Wave-Nets 
and describe their computer-aided implementation, observing 
the following structure: the second section discusses approx- 
imation theory as the essential theoretical basis for the design 
of neural networks. The material of this section is of central 
value in defining the framework for the construction of Wave- 
Nets. The third section introduces the concept of multireso- 
lution, hierarchical learning, which constitutes the second leg 
on which the Wave-Net stands. The fourth section introduces 
wavelets and discusses their two principal properties; the fact 
that they form an orthonormal basis of all square-integrable 
functions, and their good local character. The resulting multi- 
resolution characterization of input-output mappings is also 
discussed in this section. The fifth section presents how the 
various practical aspects in the design of Wave-Nets have been 
addressed and gives measures of the computational complexity 
of the resulting algorithms. Finally, in the sixth section we 
present some numerical examples, while the final section sum- 
marizes our conclusions on the design and use of Wave-Nets. 

Networks and Approximation Theory 
The task of learning the mapping between inputs and outputs 

from sets of input-output values is equivalent to approximating 
the underlying function representing the hypersurface in the 
input-output space. Mathematicians have studied the approx- 
imation of a real continuous function by an approximating 
function dependent on a fixed number of parameters under 
the name of Approximation Theory. Formally, the approxi- 
mation problem may be stated as follows (Rice, 1964): 

AIChE Journal January 1993 Vol. 39, No. 1 59 



Approximation Problem Let f ( x )  be a real-valued contin- 
uous function defined on a set X ,  and let F ( A ,  x)  be a real- 
valued approximating function depending continuously on xcX 
and on n parameters, A .  Given the distance function p ,  de- 
termine the parameters A * C Q  such that 

for all AEQ.  
Q is the space in which the parameters lie and is usually the 

ordinary Euclidean space. The distance function p is a "meas- 
ure of the approximation" and is generally given as the Lp 
norm of the difference F ( A * ,  x )  - f ( x ) ,  that is 

The solution to the approximation problem Eq. 4 is said to 
be a best approximation of the underlying function. 

Poggio and Girosi have developed a theory of networks 
based on approximation theory (Poggio and Girosi, 1989; Gi- 
rosi and Poggio, 1989; Poggio and Girosi, 1990). They have 
analyzed various networks for their approximation abilities 
and have shown that backpropagation networks with sigmoid 
activation functions are not best approximations, whereas net- 
works with radial basis functions (RBFNs) are (Girosi and 
Poggio, 1989). Their work is described briefly in this section, 
since we use a similar framework to analyze best approximation 
properties of Wave-Nets. 

Various networks may be represented as approximation 
schemes. For example, a linear approximation is given by 

F( W ,  X ) =  WX (6)  

with Wan m x n matrix of coefficients and X an n x 1 vector 
of input variables. This corresponds to a network with n inputs, 
m outputs and no hidden units. Many well-known approxi- 
mation schemes like spline fitting, expansion on orthogonal 
basis, single layer BPNs and so on can be represented by 

that is, as a linear combination of a suitable set of basis func- 
tions % = (%i(X) ,  i =  1, 2,  . . . , m ) .  This corresponds to a net- 
work with one hidden layer. Backpropagation networks with 
multiple layers may be expressed as 

where u is the sigmoidal function and w,, vi, u,, . . . are the 
adjustable coefficients. 

The representation of networks as approximation schemes 
is useful for analyzing the theoretical properties of various 
networks. Radial Basis Functions Networks can be derived 
from the use of regularization theory for approximation. 

Approximation by regularization theory and radial basis 
functions 

Consider the classical interpolation problem defined as fol- 
lows: 

Interpolation problem. Given N different input vectors, 
x,, xiER", i = 1,2, . . . , N, and the corresponding Nreal outputs, 
y i ,  y,ER, i =  1,2, . . . , N, find a function F, F:R"-R, satisfying 
the interpolation conditions 

The solution to the above problem is a function which is a 
linear combination of N radial basis functions, that is 

N 

F ( x )  = C ~ i h (  I I x - x ~ I I )  
i =  I 

Gaussians, multiquadratics, and many others can be used as 
the specific radial basis functions to solve the interpolation 
problem defined above. 

The interpolation problem is equivalent to approximation 
with zero error. Therefore, radial basis functions (RBF) can 
be used to provide a solution to the approximation problem 
(Broomhead and Lowe, 1988), by considering basis functions 
for K input points, tk, k=  1, 2, . . . , K ,  with K<N,  that is 

' 

k =  1 

Using regularization theory, Poggio and Girosi (1989) solved 
the approximation problem by finding the function F ( x )  which 
minimizes the following functional 

N 

H[F( X )  ] = c (yi - F( x i )  )' + XIIPF( X )  11' (12) 
t = I  

where, y i  are the measured values of the unknown function, 
F ( x )  is the approximation of the unknown function, and A is 
a positive real number called the regularization parameter. P 
is a constraint operator, called stabilizer, whose structure em- 
bodies the a priori knowledge about the solution, and therefore 
it depends on the characteristics of the particular problem to 
be solved. Normally, Pis selected to be a differential operator 
so that it reflects the desired degree of smoothness of the 
unknown function. Therefore, H[F(x)]  expresses the com- 
promise between the error of approximation and degree of 
smoothness of the unknown function. In other words, it ex- 
presses the trade-off between interpolation and generalization. 
The approximated solution to the problem given by Eq. 12 is 
a linear combination of what Poggio and Girosi (1988) called 
the Generalized Radial Basis Functions (GRBF), that is 

where, G ( x ;  tk) is the Green's function of the differential 
operator PP, with P being the adjoint operator of P .  If P is 
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an operator with radial symmetry, the Green's function G is 
radial and therefore the approximating function becomes 

(14) 
k =  I 

The coefficients, c k ,  and the centers, t k ,  are unknown and 
their values are found through numerical optimization. 

All the radial basis functions considered above are at the 
same resolution. Thus, if the RBFs are Gaussian, they possess 
the same standard deviation, a. Using GRBFs with different 
resolutions, we are led to the concept of Hyper Basis Functions 
(HyperBF) (Poggio and Girosi, 1990), which provide the SO- 

lution to the following modified form of the regularization 
problem, 

L 

+ c x,IIP~mI12 (15) 
m= I 

where, the unknown function F ( x )  has been regarded as the 
sum of L components, f m  ( x ) ,  m = 1, 2 ,  . . . , L, that is 

m = l  

Thus, the approximated solution to Eq. 15 is given by, 

I .  K 

m = l  k = l  

where the radial basis functions G,, m =  1, 2, . . . , L, define 
the behavior of the unknown function, F ( x ) ,  at various res- 
olutions of the input variables. The parameters C,k and t k  are 
determined through global numerical optimization. 

One of the most important results from the theory of net- 
works for approximation of continuous functions is a theorem 
showing that a backpropagation network with sigmoid basis 
functions is not a best approximation, that is, the approxi- 
mation of functions by BPNs does not minimize any norm. 
On the other hand, networks based on regularization theory 
minimize the L", or the Tchebycheff norm when the number 
of basis functions is equal to the number of training data 
(Girosi and Poggio, 1989). This property does not hold when 
the number of basis functions is not equal to the number of 
training data and the centers, t k  of the expansion are unknown. 
Nevertheless, training procedures have been devised for re- 
gularization networks that preserve the property of best ap- 
proximation, as will be discussed in the next paragraph. 

Training procedure for RBFNs 

mine the parameters by breaking the problem into two phases. 
The first phase determined the centers, t k  and standard devia- 
tions, 0, in an unsupervised manner, while the second phase 
performed the optimization via supervised training to deter- 
mine the c k .  They found the two-phase approach, described 
below, to be more efficient. 

Phase 1. Self-organized learning. During this phase the 
centers of the K radial basis functions, t k ,  and the extents, a,, 
of all basis functions are computed. The standard k-means 
clustering algorithm is used to find K receptive field centers 
in the input training examples. Each cluster gives a hidden 
node in the network. The center of the cluster determines the 
value of t k  for the basis function. This step allocates nodes 
only for regions where input data are present. The width (or 
variance) of each field is then determined by a contiguity heu- 
ristic. Various p-nearest neighbor heuristics may be used. For 
example, the width may be given by the geometric mean, 
u = where d ,  and dz are Euclidean distances from the 
k-th center to the two nearest centers. These heuristics achieve 
a certain amount of overlap between each unit and its neighbors 
to allow a smooth interpolation over the input space. This self- 
organized learning reduces the amount of work to be done by 
the supervised learning, since only the output weights have to 
be decided by error propagation. 

Phase 2. Minimization of mean-squares error. The 
weights, c k ,  on the radial basis functions are found from the 
minimization of the mean-squares error, 

Determination of the weights is a linear problem, and con- 
vergence is guaranteed. Various improvements and alternate 
training methods have been suggested for RBFNs. Stokbro et 
al. (1990) have used coefficients that are linear functions of 
the input, allowing skewed Gaussians, and a quadratic cost 
function of the form, 

where (xi, yi) are the inputs and the corresponding outputs, 
and @&), @,(xi) denote the basis functions. This method is 
shown to be superior to Moody and Darken's method for 
predicting chaotic time series. 

The heuristic Phase 1 of training RBFNs requires trial and 
error with different number of hidden units to design the op- 
timal network. Holcomb and Morari (1991) give a method for 
estimating the contribution of each hidden unit to the ap- 
proximation. This provides an insight into the number of hid- 
den units to use. They give a local training method that trains 
each hidden unit individually. A multivariable Gaussian func- 

Most commonly used RBFNs are not designed hierarchi- 
cally . Therefore, designing an RBFN involves determination 
of the parameters c k ,  t k ,  and 0, which minimize the global 
approximation error. This problem may be solved as a single 
global optimization problem by supervised learning, and was 
tried by Moody and Darken (1989). They also tried to deter- 

tion is used that allows elliptical receptive fields. This is an 
improvement over spherical receptive fields because it provides 
an extra degree of freedom for assigning the basis functions 
appropriately on the training data. Their local training method 
is developed by drawing analogy with expansion of functions 
on an orthonormal basis. Since RBFs do not form an ortho- 

AIChE Journal January 1993 Vol. 39, No. 1 61 



normal basis, Holcomb and Morari (1991) try to maintain 
independence (orthogonality) between the basis functions by 
minimizing the overlap between the receptive fields. This con- 
dition leads to interpolation of the training data by the as- 
signment of delta functions as receptive fields on each data 
point. Generalization is forced by introducing a penalty func- 
tion to force the receptive fields lo spread out. The value of 
the penalty function is determined empirically. Empirical de- 
termination of the number of nodes in the globally trained 
network is replaced by empirical determination of the penalty 
function value in the locally trained network. Nevertheless, 
this method gives a clearer measure of the contribution of each 
hidden unit which provides insight into when one has enough 
units. As pointed out by the authors, the assumption of non- 
overlapping receptive fields may be satisfactory for classifi- 
cation problems, but is likely to break down if the approxi- 
mated surface has to be smooth. The reason for this possible 
breakdown is that the nonoverlapping basis functions do not 
span the input space completely. This method gives us an 
indication of the potential benefits of using activation func- 
tions that are naturally orthonormal and have local receptive 
fields, in removing the arbitrariness in neural network design. 

Approximation by expansion on an orthonormal basis 
The previous paragraph indicated that if the basis functions 

were orthogonal to each other, while maintaining good local- 
ization of the corresponding receptive fields, the training of a 
neural network could be completely localized, while the num- 
ber of hidden nodes would be directly determined by the added 
accuracy offered by a new node. Before we examine how 
wavelets can play the role of such “ideal” basis function for 
a network, let us briefly review the properties of approximation 
on an orthonormal basis. 

Consider a function F ( x )  which is assumed to be continuous 
in the range (0, 11. Let 4,(x), i = 1,2, . . . , OD be an orthonormal 
set of continuous functions in [0, 11. Then, F ( x )  possesses a 
unique L’ approximation (Rice, 1964) of the form, 

where the elements of the vector of coefficients C=[c , ,  c,, 
. . . , cn]‘ are given by the projection of F(x) onto each basis 
function, that is 

As we include more basis functions in the approximation in 
Eq. 17, the mean-squares error decreases and, in the limit, the 
error tends to zero, that is, the set {&(x))  is complete. The 
error of approximation from considering only K terms in the 
expansion in Eq. 17 is given by 

The larger the value of the coefficient, c,, the greater the 
contribution of the corresponding basis function, &(x), in the 

approximating function. This observation provides a formal 
criterion for picking the most important activation function 
in each hidden unit of a network. The following theorem pro- 
vides the criterion for generating the smallest network, that is, 
the smallest set of orthonormal basis functions, with a desired 
degree of approximation. 

Given an orthonormal set of functions, +k(x), 
k =  1, 2, . . . , 03, the smallest network for approximating a 
function F(x) that is continuous in [0, 11, with a desired degree 
of accuracy is achieved by selecting basis functions corre- 
sponding to the largest coefficients ck, calculated by Eq. 18. 
The resulting error rate is defined as the mean-squares, or L’ 
error given by Eq. 19. 

The smallest network is obtained by leaving out the 
maximum number of terms from the approximation. We prove 
that the number of terms left out, will be maximized by picking 
the smallest ck for & [ K +  1, 031. K is the number of terms 
required to approximate the function F ( x )  with an L’ error 
of e,. Since, e, is given by Eq. 19, it is clear that smaller ck’s 
contribute less to e,. Therefore, picking smaller ck’s will max- 
imize the number of terms between K +  1 and 03, thus mini- 
mizing the number of terms from 1 to K. 

The theoretical properties of expansion on orthonormal ba- 
sis functions makes them very appealing for approximating 
relationships among data. Many techniques, like Fourier anal- 
ysis, are based on these properties but suffer the disadvantages 
of global approximators, and the lack of input-frequency lo- 
calization. The well-known Gibbs phenomenon in Fourier 
analysis is an example of the effect of global approximation 
using sinusoids. The availability of local orthonormal func- 
tions allows us to take advantage of the theoretical properties 
of orthonormal expansions, as well as bypass the problems of 
global approximators. 

Theorem. 

Proof. 

Networks With Multiresolution Hierarchies 
In most learning problems training data are often nonuni- 

formly distributed in the input space. Data may be sparse in 
some regions and dense in others. Approximating such data 
at a single coarse resolution may not bring out the fine details. 
A single fine resolution brings out the details, but no general 
picture may emerge. This tradeoff between the ability to cap- 
ture fine detail and good generalization may be solved by 
learning at multiple resolutions. A higher resolution of the 
input space may be used if data are dense and lower resolution 
where they are sparse. Moody (1989) designed a multiresolu- 
tion, hierarchical RBFN for localized learning. He uses ideas 
from the Cerebellar Model Articulation Controller (CMAC) 
(Albus, 1975) to allocate basis functions at multiple resolutions 
only to those regions of the input space where data are avail- 
able. Such ideas have been used in several fields like solving 
differential equations by multigrid methods, image processing, 
and wavelet analysis as will be described in the fourth section. 

Consider the function F ( x )  to be expressed by its multire- 
solution components at L scales, that is 

where, the component at the m-th scale,f,(x), is given by 
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The basis functions +mk in Eq. 21 are all defined at scale m. 
Assume also that m = 4 defines the lowest scale (finest reso- 
lution of input data) and m = L the highest. A neural network 
is trained to learn the mapping between inputs and output at 
the coarsest resolution first. Then, the network is trained to 
learn the added detail as one moves from a coarser to a finer 
level of resolution. Clearly, the output of a network at the 
resolution level m- 1 is given by, 

wheref, I ( x )  represents the difference in the approximation 
of function F ( x )  at two adjacent scales. We will refer to f,-, ( x )  
as the detail of the approximation at scale m- 1. The error in 
the approximation at each resolution is given by 

which cannot be simplified as in Eq. 19 unless +mk are or- 
thonormal. The training method guarantees that the mapping 
is the best possible, if the c,, resulted from the minimization 
of the mean-squares error at each scale. 

Moody (1989) has shown that a multiresolution, hierarchical 
training method is very efficient and well-suited for real-time 
adaptive learning. He used B-splines as activation functions, 
but also noted that they are not convenient for high-dimen- 
sional spaces. Poggio and Girosi's (1989) HyperBFs are the 
solution to approximation at multiple scales based on regu- 
larization theory. They have also pointed out the benefits of 
using multigrid techniques for training HyperBFs, instead of 
gradient descent in terms of improved efficiency. For a Gaus- 
sian HyperBF, the scales are determined by different u values. 

The basis functions used for these multiresolution networks 
are nonorthonormal. This makes the representations at dif- 
ferent resolutions dependent and contain redundant infor- 
mation. Moody (1989) considers the approximation at each 
resolution to be independent and trains each level independ- 
ently of the others, minimizing the error at each level while 
keeping the weights at the other levels constant. Due to the 
nonorthonormal activation functions, this procedure does 
guarantee minimum least-squares error at each level, but may 
not minimize the least-squares error of the overall approxi- 
mation. 

This redundancy may also cause an inefficient representation 
of the mapping. To understand this better, let us consider the 
structure of a "Moody-style" multiresolution network for in- 
terpolating regularly spaced training data. For a one-dimen- 
sional problem, we can interpolate data by assigning one unit 
for every data point in a single resolution network. Such a 
network will have N units, where N is the number of training 
examples. If  we try to solve the same problem using a mul- 
tiresolution network with nonorthonormal basis functions, we 
will need N units for the error signal at the finest scale, N / 2  
units for the error signal at the next coarser scale and so on 
until the coarsest signal. Therefore, the total number of units 
required will be (Daubechies, 1988): 

N N  N N  
N + - + - + .  . .+-+-=W 2 4  2L-I 2 L  

where L is the number of levels of resolution. This shows that 
for single-dimension systems, multiresolution networks could 
have twice the number of units as single resolution networks. 
This factor decreases for systems of higher dimensions. Thus, 
the number of units in a multiresolution network may be more 
than that in single-resolution networks. The redundancy of 
activation functions may be eliminated by choosing orthogonal 
activation functions, and extra units will not be required. Or- 
thogonal wavelets generate such a multiresolution represen- 
tation and are described in the next section. 

Wavelets as Basis Functions for Neural Networks 
A family of wavelets is derived from the translations and 

dilations of a single function. If $(x) is the starting function, 
to be called a wavelet, the members of the family are given by 

that is they are indexed by two labels s and u,  with s indicating 
the dilation and u the translation of the base wavelet, J.(x). 
Although the family of wavelets given by Eq. 25 need not be 
orthogonal to each other, orthonormal families of wavelets 
have been constructed (Meyer, 1985; Daubechies, 1988; Mallat, 
1989; Strang, 1989) and these are the only ones we will deal 
with in this article. They include the Meyer wavelet, the Haar 
wavelet, the Battle-Lemarie wavelets, and a class of ortho- 
normal wavelets with compact support constructed by Dau- 
bechies. 

If the input, x is defined in a discrete domain and if the 
dilation of the wavelet is always by a factor of 2, the resulting 
family of discrete dyadic wavelets is represented by 

f i ~ ( 2 - m x - k )  for (m, / c ) ~ ~ 2  (26) 

Note that m denotes the size of dilation (as a multiple of 2) 
and k the discrete-step translation of the wavelet, $(x). They 
are related to the continuous parameters in Eq. 25 by, 

and indicate that both, the translation and dilation parameters 
are discretized dyadically. The translation and dilation of the 
Battle-Lemarie wavelet is shown in Figure 2.  

Multiresolution analysis of functions 
The pivotal concept, in the formulation and design of neural 

networks with wavelets as basis functions, has been Mallat's 
multiresolution representation of functions using wavelets. This 
theory provides the essential framework for the completely 
localized and hierarchical training afforded by Wave-Nets and 
will be discussed in some detail, following the style found in 
the articles of Mallat (1989) and Daubechies (1988). 

Consider a continuous, square-integrable function, 
F ( x ) € L 2 ( R ) .  Let F,,,(x) =A,,,F(x) denote the approximation 
of F ( x )  at the resolution m,  where 2" is the sampling interval, 
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Figure 2. Translation and dilation of Battle-Lemarie wave- 
let. 

that is, the interval between two consecutive sampled values 
used in the approximation. It is easy to see that 2-" is the 
number of sampled values per unit length of input space. 
Consequently, as m increases the sampling interval increases, 
the number of samples per unit length decreases and the ap- 
proximation F,,, ( x )  becomes coarser. 

Let V,,, be the vector space containing all possible approx- 
imations of F ( x )  at the resolution 2". Then A ,  is a projection 
operator on the space V,. Furthermore, if A ~ ( x )  is the best 
approximation of F ( x )  at resolution 2", then operator A ,  is 
an orthogonal projection on V,. 

Now, consider the approximations of F ( x )  at all resolutions 
2" with m = [ - 00, + 031. The associated vector spaces, V,,,, 
satisfy the following conditions: 

This is a direct result of the causality property that re- 
quires the A,_  , F ( x )  approximation (finer resolution) to 
contain all the information needed to compute the coarser 
approximation, A,,f(x)  . 
If the approximations at the various resolutions are sim- 
ilar, then the spaces, V, with mcZ, of the approximated 
functions should be derivable from each other through 
scaling by the ratio of their resolutions, that is, 

(4) 

+ m  

lim V,= n V,,,=(O) (29) 
m- + m  m =  - m  

On the other hand, as the resolution increases, the re- 
sulting approximation converges to the original signal 
F ( x )  where F ( x ) € L * ( R ) .  Therefore, 

+ m  

lim V,= U V, is dense in L 2 ( R )  (30) 
m- - m m =  - m  

(5) For a given form of approximation, A z ( x )  is repre- 
sented by functions that are piece-wise constant, linear, 
quadratic, or cubic, and so on. It can be shown that 
(Mallat, 1989): "There exists a unique function, C $ ( X ) E  Vo, 
called a scaling function, such that for all m€Z, the family 
of functions resulting from the dilation and translation 
of d(x) ,  that is: 

C$mk(X)=1/2-mC$(2-mX-k) ( m ,  k)Ez2 (31) 

constitutes an unconditional orthonormal basis for Yn," 
that is: 

V,  = linear span( &,P, kcZ)  (32) 

Mallat (1989) has also shown that there exists an isomorphism 
between any V," and 1 2 ( Z ) ,  the vector space of all square- 
summable sequences of sampled values. This isomorphism im- 
plies that, if F ( x )  is translated by a length proportional to the 
sampling interval 2", the A,,,F(x) is also translated by the same 
amount and is characterized by the same sampled values which 
have been translated. This translation invariance is not true if 
F ( x )  is translated by a length not proportional to 2". The set 
of vector spaces, V,,,, which satisfy the above properties has 
been called a multiresolution approximation of L2 ( R )  (Mallat, 
1989). 

Since the approximation A , , f ( x )  € V,, then from property 
5 we have 

with the basis functions given by Eq. 3 1 ,  and the coefficients 
umk being the projections of F ( x )  onto the orthonormal basis 
functions, &,k, that is, 

Let W, be the orthogonal complement of V, in V,-I. Then, 
V,,- I = V,@ W,,, with V, 1 W,. The (m - I)-th approximation 
of F ( x )  can thus be written as 

As the resolution decreases, the resulting approximation 
of F ( x )  contains less and less information and converges 
to zero, that is 

where D ,  is a projection operator on the space W,. Equation 
35 indicates that the difference of information contained in 
the two approximations of F ( x )  at the resolutions, rn and 
( m  - l),  is given by the orthogonal projection of F ( x )  on the 

January 1993 Vol. 39, No. 1 AIChE Journal 



vector space W,. To quantify this difference, which from now 
on will be called the detail of F ( x )  at the resolution m, we 
need to construct an orthonormal basis for the vector space 
W,. Mallat (1989) has shown that there exists a unique func- 
tion, $(x), called a wavelet, whose dilations and translations 
form the family of functions 

Iclmp(x) =*$(2-"x-k) for (m, k)€Zz (36) 

+ m  

k =  - m  

and following the wavelet decomposition (Eqs. 35,33 and 37) 
we have 

which in turn constitute an unconditional orthonormal basis 
of W,. In view of the above result, it is clear from Eq. 35, 
that the detail of F ( x )  at the resolution m will be given by 

+ m  

k = - m  

The first term of Eq. 42 represents the first coarser approxi- 
mation of the function F o ( x ) ,  while the second term represents 
the included detail, that is, the information contained in Fo(x)  
but filtered out in A , F ( x ) .  Let us. now see how to compute 
the coefficients ( I l k  and dlk. 

Multiply both sides of Eq. 42 by & ( X )  and integrate. Since 
@lk is orthonormal to dln  and the resulting equation yields 

where the coefficients dmk are the projections of F ( x )  onto the 
basis functions $,k(x), that is, 

J - m  

Furthermore, from Eq. 35 and property 2 (see Eq. 28), we can 
easily see that the orthogonal union of all W, spaces forms 
the vector space of all square-integrable functions, that is, 

Similarly, by multiplying Eq. 42 by $Ik(X) and integrating we 
get, 

@ W,=L2(R)  
mtZ 

(39) 

Consequently, any F ( x ) c L 2 ( R )  can be expanded into a set of 
orthonormal wavelets, that is, 

r m  + m  
By defining filters H and G in such a way that their impulse 
responses are given by m = - m  k = - m  

Equation 40 describes what is known as the wavelet decom- 
position of a square-integrable function, and provides the the- 
oretical framework for the design of Wave-Nets. 

Finally, from Eqs. 35 and 37 we find that the approximation 
of F ( x )  at scale (m- 1) is equal to 

Eqs. 43a and b yield 

Equation 41 summarizes the hierarchical, multiresolution rep- 
resentation of functions offered by the wavelet decomposition, 
and is identical in character to that discussed earlier in the 
third section (see Eq. 22). Filters H and G form a pair of quadrature mirror filters (Es- 

teban and Galand, 1977). 
To summarize, from Eq. 42 we have the recursive decom- 

position of a given discrete sequence of samples characterized 
by 

Remarks on some practical aspects of the wavelet de- 
composition 

Instead of considering a continuous, 
square-integrable function, F ( x ) ,  let us focus on a sequence 
of discrete samples of F ( x ) ,  resulting from physical measure- 
ments. Call this sequence of measured samples, aOk, k =  1, 2, 
. . . , no. It represents an approximation of F ( x )  at the highest 
physically measurable resolution. Let, Vo be the vector space 
of this approximation. Then, from Eq. 33 

Discrete functions. 

with the coefficients of the decomposition given by 

a,=Ha,-, and d,,,=Ga,_, (47) 
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Figure 3. Multiscale decomposition of discrete data us. 
ing wavelets (Mallat, 1989). 

Figure 3a gives a schematic representation of the above de- 
composition. With 2 as the factor for the resolution of two 
successive approximations, each approximation contains half 
as many samples per unit of x as the immediately previous 
approximation. Then, the decomposition given by Eq. 46 leads 
to a grid of coefficients as shown in Figure 4. 

Furthermore, the original data can be reconstructed through 
the recursive application of the following equation 

a,,,-,=H*a,,,+G*dm 

where, H* and G' are the conjugates of H and G ,  respectively. 
Figure 3b presents a schematic of the reconstruction algorithm. 

Pwrro", I 

Figure 5. Input-frequency localization for wavelets at 
various translations and dilations. 

Finite length. All the developments in the earlier para- 
graphs were based on infinite length sequences of sampled 
values. Adapting those equations to the case of finite sequences 
while preserving both the orthogonality and invertibility of the 
transformation (Chou, 1991) is not trivial. Mallat (1989) over- 
comes this problem of "end effects" by considering a mirror 
image of the trend beyond its end points. Chou indicates that 
this assumption violates the orthogonality of the filters, and 
has suggested three approaches which resolve this problem by 
defining appropriate H and G filters. For more details the 
reader is referred to Chou's PhD thesis. The design and training 
of Wave-Nets is based on examples of finite length with con- 
sistent wavelet decompositions. We do not make any assump- 
tions about the behavior of the function beyond the end points 
in the input space, and the system "learns" the extrapolation 
based on the training data. 

The principal ben- 
efit from the wavelet decomposition, which allows Wave-Nets 
to be locally trained, is the localized characterization of a 
continuous or discrete function in the input space, and wave 
number (or frequency, or scale). The input-frequency locali- 
zation of wavelets at various translations and dilations is shown 
in Figure 5 .  Each rectangle indicates the input space and scale 
space localization of the corresponding wavelet. The size of 
each rectangle is determined by the standard deviation of the 
wavelet and its Fourier transform. The area of each rectangle 
is constant, indicating that as the frequency range increases, 
the input range decreases, as governed by the uncertainty prin- 
ciple. The information contained in the input and frequency 

Localization in space and wave number. 

Scale, mi 
x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  
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Position, k 

Figure 4. Grid for locating wavelets at various scales. 
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range covered by each wavelet or scaling function is captured 
by the coefficients d,, and amk respectively. 

Consider coefficient d2.33, and the corresponding point, (2, 
33) in the grid of Figure 4. The value of d2.33 measures the 
content of the original signal in terms of the wavelet at the 
2-nd dilation, when the input takes on values in the range 
[33 - q, 33 + q ] .  In other words, it measures the content of the 
original signal in the frequency range corresponding to the 
frequencies allowed at scale 2, and in the input range [33 - q, 
33 + 41. This range is indicated by the encircled points in Figure 
4. Here q is assumed to be 2 units. The value of q is determined 
by the extent of the wavelet’s local support, or equivalently, 
the extent of the finite impulse response of Hor G. Daubechies 
(1988) has presented a variety of wavelets with compact sup- 
ports ranging from 4 to 20 samples. The Haar wavelet has a 
support of 2, while the Battle-Lemarie wavelet does not have 
compact support, but is exponentially decaying and may be 
considered to have a “practical” support of 23 sampled values. 

Extension to higher dimensions. The multiresolution anal- 
ysis, described in the section on multiresolution analysis of 
functions for a single input variable, can be easily extended to 
the multi-input case. In this paragraph, following Daubechies 
(1988), we present a brief description of this extension to two- 
dimensions, while its expansion to systems of higher dimen- 
sionality is straightforward. 

Assume that we have a one-dimensional multiresolution 
analysis, that is, a set of vector spaces V, and the associated 
scaling and wavelet functions 4 and $. Define the set of vector 
spaces F,, Vm~L2(R2) by 

It is easy to show that the set ( 7,; m6Z) satisfies properties 
1, 3, and 4 (see Eqs. 27, 29, and 30 respectively) of the mul- 
tiresolution analysis. Defining 

one can show that 
- 
V, = linear span( a),n(~l,x2);n~ZZ) 

where, 

Recall that W, is the orthogonal complement of V, in Vm-l .  
Therefore, 

X 

X 

~~~~ ~ ~ ~~ ~ ~ ~~ 

Figure 6. Haar scaling function and wavelets for two-dimensional problems. 
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Figure 7. Battle-Lemarie scaling function and wavelets for two-dimensional problems. 

The last equation implies that the orthogonal complement w, 
of 7, in 7m-l is given by 

Figure 8. Structure of a typical Wave.Net. 

January 1993 68 

with an orthonormal basis given by the functions &,,, $,,,, 
$mn,&,n2, $,,,$,,,, where n,, n2EZ, or equivalently, by the two- 
dimensional wavelet *!,,", 

where I =  1, 2, 3, n € Z Z  and 

Therefore, the q!,,, with I= 1, 2, 3, mEZ, nEZZ, constitute an 
orthonormal basis of wavelets for the Lz(Rz) space. Each *in 
captures information at different orientations as shown for 
the two-dimensional Haar and Battle-Lemarie wavelets in Fig- 
ures 6 and 7 respectively. 

Wavelets as basis functions for hierarchical, multire- 
solution networks 

A Wave-Net is a network of nodes with structure shown in 
Figure 8. It consists of input and output nodes and two types 
of hidden-layer nodes: wavelet nodes, or $-nodes, and scaling 
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function nodes, or +-nodes. The location and scale of the 
hidden-layer nodes are as shown in the grid of Figure 4. The 
basis functions associated with the hidden layer nodes are: 

(a) Basis functions for +nodes: +Lk(X), k =  1, 2, . . . , nL; 
the translates of the dilated scaling function, 4 ( x ) ,  which 
form the orthonormal basis for the approximation of 
the unknown function, F ( x ) ,  at the L-th (coarsest) res- 
olution. 

(b) Basis functions for $-nodes: $mk(x), with m = 1,2, . . . , 
L and k = 1 ,  2, . . . , n,; the translates of the dilated 
wavelet, $(XI, at resolutions from 1 to L, which form 
the orthonormal basis for the detail of function F ( x )  
at each resolution. 

Consider the ap- 
proximation of the unknown function, F ( x ) ,  at the L-th res- 
olution; that is, F ( x )  is represented by 2-, samples per unit 
length of x. The lowest resolution possible along an input 
dimension for any function consists of two grid points, as 
shown at the L-th dilation level in Figure 4. For each dimension, 
L = inf [ log,N, 1, where N8 is the size of the grid at the highest 
resolution. Then, the resulting network (see Figure 9a) has nL 
( = 2 for one dimension) nodes, which are all +-nodes with their 
position given by the grid of Figure 4. The minimization of 
the mean-squares error (between prediction and measurements) 
yields the coefficients of the following approximation 

Hierarchical, multiresolution learning. 

Figure 9. Construction of Wave.Net at different reso. 
lutions. 
(a) &nodes at scale L; (b) with $-nodes at scale L; (c) with $- 
nodes at scale (L- 1); (d) with $-nodes at scale (L-2) (Refer to 
grid of Figure 4). 
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Equation 53 represents the first approximation of F ( x )  at the 
coarsest, L-th resolution, and from the discussion on the mul- 
tiresolution of functions we know that, FL (x)C V,. 

Now, suppose that we want a more refined approximation 
of F ( x ) ,  resulting in a lower global error. Such an approxi- 
mation can be found from the orthogonal projection of the 
unknown function onto the vector space VL- I ,  yielding 

In such a case we would have a network with 2n, $-nodes 
(twice as many as in the previous case), whose 2n, coefficients 
would have to be computed through the minimization of the 
new mean-square error. Consequently, we have gained nothing 
by constructing the approximation in Eq. 53. 

Instead, we observe that FL-l(x)CVL-l  and we note from 
the multiresolution analysis that VL-l  = V,@ W,. Therefore, 

and the approximation in Eq. 54a can be written in the fol- 
lowing form 

where, $ L k ( ~ ) ;  k =  1,2, . . . , nL are the wavelet functions form- 
ing an orthonormal basis for the vector space, W,. 

Since W, I V,, the $Lk(x), k =  1 ,  2, . . . , nL are not only 
orthogonal to each other but are also orthogonal to the +Lk(X), 
k =  1 ,  2, . . . , nL functions. Therefore, we reach the following 
conclusions: 

(a) The first term of the approximation (Eq. 54b), that is, 
nL C aLkCpLk(x), represents the approximation of the func- 

tion at the L-th resolution and it has already been com- 
puted. In other words, the coefficients, aLk, are the same 
as those in Eq. 53. 

(b) The second term of the approximation in Eq. 54b, that 

is, 2 dLk$Lk(X), represents the added information, as 

we move from the coarser approximation in Eq. 53 to 
the more detailed one in Eq. 54b. 

(c) The approximation in Eq. 54b is represented by a net- 
work (see Figure 9b), which is an extension of the net- 
work constructed for approximation in Eq. 53 (see Figure 
9a). Specifically, in the nL +-nodes of the network in 
Figure 9a we have added nL $-nodes with basis functions, 
$Lk(X), k = l ,  2, . . . , n,. The new network is trained 
only for the coefficients, dLk, k = 1,2, . . . , nL (since aLx, 
k =  1 ,  2,  . . . , n, are already known), using the errors 
from the first approximation as the data for training. 

Continuing with the addition of $-nodes at the resolutions, 

k =  I 

k =  I 
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3), . . . and so on, the resulting networks (see 
approach the unknown function with progres- 
global error. Specifically, 

Or, 
F = A c  

The least-squares solution of this equation is given by 

(L-21, ( L -  
Figure 9c, d) 
sively smaller 

Znr 

A ~ A  = 

C= ( ( A ~ A ) - ~ A ~ ) F  

= A + F  

4n1 

FL-3(x) =FL-2(x) + 2 dL-2,k$L-Z,k(x) (55b) 
k = l  

2L- hL 

FO(x) =Fl ( x )  + 2 dlk$Ik(X) 
k =  I 

"I L P * n r  

= c a L k + L k ( X )  + C dmk$rnk(X) (s5c) 
k=l m = l  k = l  

The above equations characterize the hierarchical, multire- 
solution learning inherent in a Wave-Net, which is identical in 
nature to that proposed by Moody (1989). 

The location and size 
of the Wave-Net activation functions is given by the grid shown 
in Figure 4. If the data are regularly sampled in the input 
space, then the Wave-Net coefficients (ark, dmk) for all ( m ,  
k )  on the grid are easily computed by Eq. 41 and Mallat's 
multiscale decomposition procedure may be directly applied. 
Unfortunately, for most learning problems, data may not be 
regularly sampled in the input space. Then the Wave-Net coef- 
ficients are computed as described below. 

At any level of approximation (see Eq. 55a, b, or c), the 
Wave-Net represents the input-output map by an expression 
of the form, 

Computing Wave-Net coefficients. 

where, ci are the weights and ei are the activation functions, 
representing the corresponding scaling or wavelet functions. 
Consider the case where we construct a Wave-Net with n nodes, 
and have m training data. In matrix form we have 

(57) 

where A + is called the pseudo-inverse of matrix A. Notice that 

If the samples xi are uniformly spaced and & ( x )  form an 
orthonormal basis, for i=  1, 2, . . . , n ,  then A TA is an identity 
matrix, 

A ~ A  =I, , ,  

Matrix inversion is not necessary to determine the coefficients, 
and 

C = A ~ F  (59) 

Mallat's multiscale decomposition procedure, described ear- 
lier, solves Eq. 59 by defining the appropriate Hand  G filters. 
If the data are irregularly sampled, then the weights are de- 
termined by Eq. 57. In this case, the local nature of the ao 
tivation functions causes the matrix of Eq. 58 to be a band 
diagonal matrix with a band of width 29 + 1. The need to invert 
a matrix increases the computational complexity of determin- 
ing the weights for irregularly sampled data, than for regularly 
sampled data by one order of magnitude. The computational 
complexity aspects of a Wave-Net will be described in the next 
main section. 

Learning at the coarsest, L-th, reso- 
lution (see Eq. 53) involves the determination of the coefficients 
aLk over the whole range of x-values. In other words, Eq. 53 
provides a global regressor. The local support of each &k 

provides the basis for the localization of the learning process. 
Furthermore, as soon as we move to resolutions (15 - I), (L - 2), 
. . . , 1 the local support of the wavelets, $,k, implies that the 
coefficients of the $-nodes allow an efficient mechanism for 
localized learning within the scope of different resolutions. 

As shown in Figure 5 ,  since wavelets are localized in input 
and scale space, the nodes in a Wave-Net can be selected to 
reflect the distribution of data in an explicit manner. In the 
construction of a Wave-Net depicted in Figure 9, only those 
$-nodes are introduced that have data within its input and 

Localized learning. 
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scale domain. This localization in learning is very useful for 
estimating and reducing the local error of approximation dur- 
ing training and adaptation. 

Equation 55c yields the best 
approximation of the unknown function, but it represents an 
interpolation rather than a generalization of the training data. 
For generalization of the input-output mapping of the training 
data, we select to retain some of the terms appearing in Eq. 
55c. Let S, represent the set of wavelet coefficients, dmkr re- 
tained and S -  the set of coefficients neglected. Then, the var- 
iance of the global error of the resulting generalized mapping 
is given by (see discussion on approximation by expansion on 
an orthonormal basis and Eq. 19) 

Global approximation error. 

Clearly, the smaller the value of I d m k  I the smaller the resulting 
error from the omission of the term (and the corresponding 
node in the Wave-Net), d m k $ m k ( X ) .  This result is the basis for 
the practical design of a reduced Wave-Net and indicates how 
one can select the hidden-layer nodes in a systematic and rig- 
orous manner. 

One additional note is in order. In all the previous analysis 
it has been assumed that the training data contain unique 
information between an input value, xi and the corresponding 
output value, F,= F(xi ) .  It is possible though that in the train- 
ing data, the same xi has produced several different values of 
the output. In such cases, we take the mean output 

l N  
Fi=F(xi )  =- c F,c) 

N j = ,  

where N is the number of points at the input xi. Then, the 
variance of the global error of Eq. 60a must be adapted with 
an additional term to account for the contribution of the in- 
terpolation error resulting from the use of mean output values, 
that is: 

where dzl is the wavelet coefficient for the j-th sample at the 
same input value. 

In addition to the global error, 
it is very important that one has a measure of the induced 
approximation error over a local range of input values. Such 
a measure is very valuable in calculating the reliability of the 
approximation, especially -when the training data are unevenly 
distributed in various range; of input values. Regions in the 
input space with higher density of examples give a smaller error 
of approximation, that is, higher reliability. Leonard et al. 
(1991) have developed such a measure for RBFNs. 

Consider the two-dimensional grid of points in Figure 10 
illustrating the Wave-Net’s nodes resulting from the wavelet 
decomposition. Let 2q + 1 be the support of the wavelet over 
the input space. In Figure 10, q = 2 and the support of 2q + 1 = 5 
sampled values is shown by the encircled points in the first 
row of the grid around position “1.” In the same figure one 
may see the encircled grid points at higher resolutions falling 
in the same interval of support. Then, the local error at position 
“I” depends on the following two contributions: 

(1) The errors induced by neglecting the coefficients of those 
terms in the support interval [I-q, I+q] around “I ,”  
that is, those terms represented by the encircled grid 
points of Figure 10 which have been neglected in Eq. 
5%. 

(2) The interpolation error through the terms which were 
retained in Eq. 55c and which terms are in the interval 

Consequently, the variance of the local error at position “I” 
is given by 

Local approximation error. 

[I-q,  I+ql. 

t l r n  . N \ 

Size of the network. The output of the selected &units is 
independent of each other due to the orthonormality of &)’s 
for all k. Similarly, the output of each $-unit is also inde- 
pendent due to the orthonormality of $mk for all (m, k)EZ2. 
Such nonredundant representation requires less nodes to re- 
construct the data than those required by Moody’s network. 
The advantage of using orthonormal activation functions in 

Scale, m 
0 x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x 8 8 8 8 8 x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  

I < ~ x x x x x x x x x x x x 8 8 8 8 8 x x x x x x x x x x x x x x x x x x  

2 < x x x x x 8 8 8 8 8 x x x x x x x x  

3 ”  I x  8 8 8 8 8 X X X 

8 8 

8 

8 8 

8 

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 
Position, k 

Figure 10. Extent of wavelet influence in input-space, at various scales, for a point at position “I”. 
Wavelet has support 2q + 1 = 5 .  
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each node becomes clearer by an analysis of the number of 
units required for interpolation of regularly spaced training 
data. A similar analysis was performed for Moody’s network 
in an earlier section. The number of points is halved at each 
scale of the wavelet decomposition. Thus, for M training data 
the first detail signal has M/2 points, the second M/4 and so 
on. Therefore, the total number of points arising from the 
decomposition at L scales is, 

M M  M M M  -+-+ . . . + p + - + - - M  
2 4  2L 2L- 

where the last M/2L points are for the last scaled signal. Thus, 
a multiresolution hierarchy using orthonormal wavelets uses 
a maximum of Munits for complete interpolation as compared 
to 2M[1 -(1/2L+’)] required by Moody’s network. Thus, the 
Wave-Net representation of input-output maps may provide 
a more efficient approximation because it requires the smallest 
number of units needed for interpolation of M points. 

A Wave-Net can be represented by Moody’s network by 
having only scaling functions in each node, and calculating 
the error by explicit subtraction. This does not guarantee in- 
dependence of the output of nodes at different scales and makes 
the representation redundant. Thus, a Wave-Net has all the 
properties of Moody’s network, and more. 

Practical Aspects in the Design and Training of 
Wave-Nets 

The Wave-Net training procedure for a problem with mul- 

(1) Select appropriate wavelet and scaling functions. 
(2) Create the grid of coefficients at multiple resolutions for 

(3) Train +nodes at highest scale, L.  
(4) Until training data are overfitted, 

tiple inputs and outputs is outlined below: 

each dimension. 

(a) Determine approximation error. 
(b) Add appropriate +nodes to reduce approximation 

(5) Optimize network by crossvalidation with new data and 
remove +nodes with small weights till performance cri- 
teria are satisfied. 

Each step of this procedure is described below. We also provide 
theoretical measures on the computational complexity of each 
activity. 

The 
first step in the design of a Wave-Net is to select the appropriate 
set of wavelets and the corresponding scaling function for the 
given learning problem. As mentioned earlier, several different 
types of orthonormal wavelets are available. The nature of the 
hypersurface learned by the Wave-Net will depend on the na- 
ture of the wavelet activation function in each node. For ex- 
ample, if a continuous discriminant surface is to be learned, 
then the wavelet and scaling functions should allow smooth 
approximation of the data. The Battle-Lemarie wavelet is well- 
suited for such problems. In this article, we have used the cubic 
Battle-Lemarie wavelet, which possesses continuous deriva- 
tives up to third order, but can be extended to allow higher 
degrees of smoothness (Battle, 1987). Poggio and Girosi (1989) 
have described the relationship between the number of ex- 
amples needed to achieve a given error rate, and the smoothness 

error. 

Selection of appropriate family of wavelet functions. 
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of the basis functions. A high degree of smoothness may be 
essential for achieving reasonable rates of convergence with a 
limited number of training examples for multidimensional 
problems. In such cases, the appropriate Battle-Lemarie 
wavelet may be chosen. Note that the support of the Battle- 
Lemarie wavelet increases with its smoothness. In many clas- 
sification problems, the hypersurface to be approximated may 
be Boolean or discrete. The Haar wavelet may be used for 
learning such surfaces. 

The shape of the receptive field of the basis functions also 
depends on the type of wavelet selected for the Wave-Net. For 
example, the Haar wavelet has rectangular receptive fields, 
whereas the Battle-Lemarie wavelet has elliptical receptive 
fields. The ratio of the major and minor axes depends on the 
ratio of the grid spacing along each input dimension. The 
wavelets shown in Figures 6 and 7 have square and circular 
receptive fields respectively, and correspond to equal grid spac- 
ing along both input dimensions. Various criteria may be used 
to decide the grid spacing, like the covariance matrix, as used 
by Holcomb and Morari (1991). The example in the section 
on fault diagnosis illustrates the use of rectangular receptive 
fields. Here, the grid spacing is determined by the ratio of the 
smallest sampling rates along each dimension. 

Another decision necessary before training the Wave-Net is 
the dimensionality of the wavelets. This depends on the number 
of inputs in the problem being solved. As described earlier, 
orthonormal wavelets of the desired dimensions may be con- 
structed by using Eqs. 51 and 52. 

Hierarchical, multiresolution training of the complete net- 
work. The next step is to construct a grid similar to that of 
Figure 4, for each input dimension. This is used for locating 
the wavelets and scaling functions. The grid spacing at the 
finest resolution (m = 0) is taken equal to the smallest, non- 
zero sampling rate along each dimension. The grid is developed 
by taking alternate points at each scale, and the highest scale, 
L is obtained when only two points are left. Therefore, 

L=inf(log,(N,)) 

where N8 is the number of points in the grid at the finest scale. 
The location of the basis functions for the 4- and $-nodes is 
defined by this grid. Note that training data may be available 
anywhere in the input space. Data points do not have to lie 
on the grid points. 

The construction of the Wave-Net can now begin. We start 
with the coarsest scale, L, that is common to all inputs. A 
global regression to the hypersurface being learned is provided 
by training nL 4-nodes at dilation L and translation as given 
by the grid. The weights are determined by applying Eq. 57. 
The predictions for the training data are computed from this 
network, and the global and local errors are determined. Con- 
struction of the Wave-Net is continued if the desired perform- 
ance criteria are not satisfied. The performance of the Wave- 
Net at each stage of the training may be determined by using 
a set of testing data. 

We now add +nodes to the network to reduce prediction 
error. The location of the wavelet basis functions is chosen so 
as to reduce prediction error in regions where it is high. Any 
wavelet that has the input value within its input or scale range 
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will influence the local error. We use the following two criteria 
for selecting wavelets to add to the Wave-Net: 

lnput space localization criterion: The region in the input 
space where the approximation error is to be minimized 
should lie within the support of the selected wavelet. This 
locates wavelets appropriately in the input space. 
Scale space localization criterion: Training or testing data 
should be available in the frequency range covered by the 
wavelet. This prevents selection of wavelets spanning re- 
gions where no data are available, and locates the wavelets 
appropriately in the scale space. 

Wavelets satisfying these criteria are added to the network, 
and the weights are determined by Eq. 57. New $-nodes, added 
to the Wave-Net, are trained to minimize the error from the 
coarser scales. The weights of the $-nodes and $-nodes at other 
scaling levels are unaffected by the addition of new $-nodes. 
This is because new +nodes reduce the approximation error 
of the network developed so far. Since the error is the minimum 
least-squares error, the space in which the residual error lies 
is perpendicular to the space of the approximations by the 
nodes introduced so far. New $-nodes approximate this error 
space. The orthonormality of the wavelets ensures that the new 
wavelets lie entirely in the remaining error space, and do not 
interfere with contributions of wavelets in any other space. 
Therefore, independent training of each node is possible. This 
procedure is continued till the training data are overfitted, or 
the desired generalization is attained. 

The Wave-Net performance is determined by testing its pre- 
dictive capability on new data. This network is not guaranteed 
to be optimal since some of the nodes may not be contributing 
much to the approximation, and the theorem in the section 
on approximation by expansion on an orthonormal basis may 
not be satisfied. An optimal network may be obtained by 
overfitting the data, and then removing nodes that have small 
weights. The Wave-Net performance is checked on testing data. 
If the training data are overfitted, the Wave-Net prediction 
error on testing data goes through a minimum as wavelets of 
higher resolutions are selected. Thus, the optimum Wave-Net 
structure may be determined. 

Computational complexity. The computational complex- 
ity of the training procedure is between O( N )  and O( N2)  where 
N is the total number of training data. Construction of the 
grid takes constant time. Determination of the weights for the 
Wave-Net 's nodes requires computing the pseudo-inverse of 
the matrix A as shown in Eq. 57. As described earlier, if the 
data are irregularly sampled in the input space, the matrixA TA 
is a block diagonal matrix with less than or equal to 2q+ 1 
terms in each row, due to the localized nature of the activation 
function receptive fields. Inversion takes O( qn2) time where 
n is the number of nodes being trained. On the other hand, if 
the data are regularly sampled, then the cross terms disappear, 
and the matrix A 'A is an identity matrix, and computing the 
pseudo-inverse takes O(qn) time. The number of nodes in the 
Wave-Net is O ( N ) ,  which yields complexity bounds of O ( N )  
for training with regularly sampled data, and O ( N 2 )  for train- 
ing with irregularly sampled data. 

These complexity measures represent a significant improve- 
ment over other types of neural net learning methods. No 
formal complexity results are available for BPNs and RBFNs 
since the training relies on trial and error. Empirical results 
indicate that BPNs train in O ( N 3 )  time (Hinton, 1990). This 
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does not include the trial and error computations. For RBFNs, 
the clustering process of phase 1 requires O ( N 3 )  time, while 
the data interpolation takes O ( q N 2 )  time. But, it should be 
noted that in practice, the training takes much longer due to 
the heuristic trial and error involved. The actual training pro- 
cedure for both BPNs and RBFNs requires trial and error for 
designing the appropriate network. BPNs may also face con- 
vergence problems. Therefore, in practice, both BPNs and 
RBFNs take a significant amount of time to train and adapt. 

It should be noted that in the multivariable case of n in- 
dependent inputs, there are (2" - 1) distinct wavelet functions 
at each grid point. For example, if n = 2 ,  we have the three 
wavelets, * I ,  q2, *' encountered in the fourth section. Con- 
sequently, at each grid point there could be (2"- 1) nodes, 
requiring the computation of (2" - 1) distinct coefficients, a 
rather cumbersome numerical task for large n. In order to 
maintain a reasonable sized network, one can construct linear 
combinations of the distinct wavelet functions, that is, 

**(X, ,XZ,  . . . , x.) = WT*(X,,X,, . . . , X") 

where, 

= [*yxI, . . . , X " ) , * 2 ( X l ,  . . . , x.),  . . . , *2=l(xl, . . . , X " ) ]  

q'(xl, x2, . . . , x,,), I =  1,2, . . . , (2"- 1) are the distinct wavelet 
functions and W is a vector of constant coefficients. The mu- 
tual orthogonality of the *' functions implies that the functions 
**(xI,  x,, . . . , x,,) at the various grid points are also orthogonal 
to each other. Therefore, the (2" - 1)-coefficient problem at 
each grid point is converted into a one-coefficient problem per 
grid point with complexity measures as those discussed above. 
The remaining problem is the apriori estimation of the constant 
coefficients in vector W ,  which determine the intensity of the 
multivariable receptive field for function **(xlr x,, . . . , x,,). 

The following general approaches may be used for the a 
priori estimation of vector W. 

A priori clustering and estimation of multivariable co- 
variances of the training data within each receptive field. 
This is similar to the analysis used for the formulation 
of ellipsoidal basis functions in multivariable RBFNs 
(Venkatasubramaniam and Kavuri, 1991). 
Directional analysis of the training errors. This involves 
exploiting the property that each of the (2" - 1) wavelets 
has a different directional component. 
Using nonseparable wavelets. The multidimensional 
wavelets described above and earlier are separable, that 
is, they are constructed by multiplying the one-dimen- 
sional functions. Recently, nonseparable wavelets have 
been developed by Kovacevic and Vetterli (1992). These 
wavelets require only one nonseparable wavelet per grid 
point, instead of (2"- 1) for the separable wavelets. 

In a follow-up publication we will discuss the relative ad- 
vantages and disadvantages of these approaches, and give more 
information on their practical implementation. 

Wave-Net optimization with explicit control of local and 
global errors. The optimal Wave-Net may be designed by 
removing nodes with small contribution to the approximation 
of the unknown functions. Using Eqs. 60 and 61, we can 
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compute the local and global errors of the resulting approxi- 
mation by 

1.0- 

0.8 - 

0.6- 

i l l + l l .  

0 4 -  

0.2 - 

/+a 

I -. ,I, 

0.8 I .o 

m k = l - q  

where dmk are the wavelet coefficients for the nodes removed. 
Thus, it is easy to keep track of global and local errors of 
approximation as nodes with small coefficients are removed 
from the Wave-Net. Nodes are removed till the performance 
requirements are satisfied. The benefits of using orthonormal 
basis functions are reaped again in this step of the training 
procedure. The orthonormality allows us to remove nodes from 
the network, and monitor its performance explicitly, without 
retraining. If nonorthonormal basis functions were used, the 
network weights would require modification at each stage. The 
Wave-Net obtained at the end of this stage satisfies the per- 
formance requirements, and has the smallest number of train- 
ing nodes for the given training and testing data sets. 

Network adaptation. The network may need adaptation 
to new data. It may be necessary to modify the weights and/ 
or change the structure of the net. The presence of a new data 
point influences nodes at several levels of scale. This includes 
any $I- and +nodes which have the training data within their 
own receptive fields in both the input and frequency space (see 
Figure 10). The new coefficients are calculated by taking the 
pseudo-inverse according to Eq. 57. If the new error rates fall 
within the desired bounds, then no further change is required 
in the Wave-Net. The new error rates may be easily calculated 
by 

where, S, is the set of nodes whose weights were modified. 
If the error criteria are still not satisfied, then the network 

structure needs modification, and new nodes are added. The 
new nodes must lie on the grid and must have the new data 
within its input and frequency space. The new data are ov- 
erfitted and the network optimized by removing nodes with 
the smallest coefficients without violating the error require- 
ments. 

If the new data indicates that a smaller sampling rate than 
that used for constructing the grid is necessary, and if nodes 
at the lowest level are used for the approximation, then a new 
level may have to be added to the grid. New levels may be 
easily added till the grid spacing is less than or equal to the 
new sampling rate. Computationally, the most expensive step 
during adaptation is computing a pseudo-inverse. Therefore, 
adaptation also has a complexity between O ( N )  and O(N*). 

Examples 
The properties and performance of Wave-Nets are illustrated 

by two examples described below. The Wave-Net algorithms 
have been implemented on a Macintosh I1 using MATLAB. 

74 January 1993 

1.0 

0.8 

06 

X[tI 

0.4 

02 

0.0 

Figure 11. Chaotic time series, .w[f] vs. f. 

Prediction of a chaotic time series 

map given by, 
Consider the problem of predicting the evolution of a logistic 

where a is a parameter. This problem has been considered by 
Lapedes and Farber (1987) using BPNs; Moody and Darken 
(1989) and Stokbro et al. (1990) using RBFNs; Ydstie (1990) 
using BPNs, Heaviside functions (these form an orthonormal 
basis, but are global), and saturation functions. This system 
is chaotic for some values of a > 3 .  We consider a=4,  for 
which this system is known to be chaotic. This equation rep- 
resents simple population dynamics of biological systems. The 
population at a future time, x[t+ 11 is proportional to the 
current population x[t], and the amount of food available 
currently, a(l -x[t]). Therefore, this equation is relevant to 
biochemical system dynamics. 

The variation of x[t] with t for x[O] = 0.1 is shown in Figure 
11. We wish to predict the value of x[t + 11 given x[t]. We use 
the first 25 points from Figure 11 as training data, and test 
the network prediction capability for the next 25 points in the 
figure. A plot of x[t+ 11 vs. x[t] for the training data is shown 
in Figure 12. The Wave-Net is trained hierarchically according 
to the procedure given in the previous section. The number of 
points in the grid at level zero is 1,353, which makes the highest 
scaling level to be L = inf(logJ353) = 10. The Wave-Net con- 
struction is initiated by selecting two +nodes at m =  10, po- 
sitioned on the appropriate points on the grid. The construction 
of the Wave-Net and the evolution of the global approximation 



Table 1. Global Approximation and Prediction Errors for 
Modeling of Chaotic Time Series 

No. Scale New Nodes Approx. Error Pred. Error 

-0- Actual Values 

.------t Net #1:  2 $-nodes, m=10 

-0- Net #2: & 2 yr-nodes, m=10 

~ ~ _ _ _ _  

1 10 2 &nodes 1.4008 1.3101 
2 10 2 $-nodes 0.2658 0.2742 
3 9 3 $-nodes 0.1312 0.1792 
4 8 4 $-nodes . 0.0675 0.0856 
5 7 7 $-nodes 0.056 0.1074 
6 6 6 $-nodes 0.0436 0.1899 
7 5 7 $-nodes 0.0263 0.201 

-0.2 -I 
0.4 x[tl 0.6 0.8 1 .o 0 0.2 

and prediction errors are shown in Table 1. The corresponding 
evolution of the local approximation and prediction errors is 
shown in Figure 13. The approximation at m = 10 is the global 
least-squares fit to the training data. The network construction 
is continued by adding $-nodes that have training data present 
in their receptive fields in the input and frequency domains. 
We add 2 $-nodes at m =  10 to the Wave-Net and train them 
to approximate the modeling error from the +-nodes. Three 
$-nodes are added at m = 9 to approximate the error from the 
network consisting of two +, and two $-nodes. This process 
of adding $-nodes is continued at lower scales, till the training 
data are overfitted. The network is then optimized by cross- 
validation with a set of testing data consisting of the last 25 
points in Figure 11. The local and global errors of approxi- 
mation are monitored as $-nodes with small weights removed 
till the prediction error goes through a minimum, as shown in 

Table 1. Prediction of the final, optimized Wave-Net is shown 
in Figure 14. Error bounds on the approximation vary over 
the range of input values, as can be seen in Figure 15. The 
error bounds for other Wave-Nets are not shown since they 
are too close to the actual trend. 

The construction of the final approximation from scaling 
functions and wavelets at multiple resolutions is depicted in 
Figure 16. The activation functions introduced at different 
scales, multiplied by the corresponding coefficient, are shown 
in column (a), with their sum in column (b). The cumulative 
sum of the graphs in column (b) gives the approximation at 
each scale, which is shown in column (c). .The input values of 
the activation functions extend beyond the range of the training 
data, as shown in column (a). Portions of the activation func- 
tions in the range [0, 11 are used for the approximation as 
shown by the shaded region in column (a). Portions beyond 
the input range provide extrapolation over a limited range. 
The sum of the scaling functions at m = 10 gives the least- 
squares fit to the training data at the coarsest resolution. The 
wavelets at m = 10 approximate the error of approximation at 
this scale to give a more accurate approximation shown under 
column (c). Smaller wavelets are selected to further reduce the 
error of approximation, till the final approximation shown in 
column (c) for m = 8 is obtained. As expected, the size and 
extent of the wavelets decreases with the scale. Also, only three 
wavelets are selected at m = 8, instead of five, since the wavelets 
at positions 0.19 and 0.57 have very small weights and are 
eliminated during network optimization. 
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Figure 14. Predictions of optimized Wave.Net for train- 
ing and testing data. 
2 &-nodes at m= 10, 2 $-nodes at m = LO, 3 $-nodes at m=9, 
4 $-nodes at m = 8. 

Fault diagnosis classification example 
This example was introduced by Kramer and Leonard (1990). 

It is a simplified version of many static fault diagnosis prob- 
lems. There are two measured variables, xI and x,, and three 
classes of faults. The measurements are corrupted by Gaussian 
noise. A detailed description may be found in the original 
reference. This example has been used by Leonard and Kramer 
(1991) to demonstrate the superiority of RBFNs over BPNs, 
and by Holcomb and Morari (1991), Leonard et al. (1991) 
using improved versions of RBFNs. 

We use a Wave-Net to model the set of data presented in 
Leonard et al. (1991). 90 data points, 30 in each class, are 
available. 20 points from each class were used for training, 
and the rest for testing. The training and testing data are shown 
in Figure 17. The output is considered to have a value of 1 f 0.1, 
2 *O. 1, or 3 *O. 1 depending on the class. The quantization of 
the output values into three ranges implies that the use of the 
Battle-Lemarie wavelets with continuity up to the third-order 
derivatives is an “overkill.” Therefore, we chose to engage 
the two-dimensional Haar wavelet in order to explore its utility 
in mapping discriminant functions when the output takes on 
a small number of discrete values. The two-dimensional Haar 
wavelets and scaling functions are shown in Figure 6. Notice 
that the one-dimensional Haar scaling function is symmetric 
about 0.5, and the corresponding wavelet is anti-symmetric 
about 0.5. Both functions are compactly supported, and their 
receptive fields do not overlap when placed on the grid points. 
The two-dimensional Haar wavelet has rectangular receptive 
fields, therefore, the input space is approximated by several 
rectangles. 

The smallest sampling rate for xI is O.ooo4, and for x2 is 
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Figure 15. Error bounds on Wave.Net approximations. 
(See Table 1). 

O.OOO1. This gives a 2 x 5 grid at the lowest common resolution 
of L = 12. The receptive fields of the 10 nodes at L = 12 are 
shown in Figure 18a. Only nodes 2, 3, 5 ,  7, 9, and 10 have 
training data present within their receptive fields. Therefore, 
only these six 4-nodes are trained to approximate the training 
data. The weight of each +-node is shown in Figure 18a, and 
the corresponding output in Figure 19a. The output values 
shown in Figure 19 are equivalent to the height of each rec- 
tangle, perpendicular to the input space. Nodes 2 and 10 have 
data belonging only to a single class in their receptive fields, 
and their coefficients can be adjusted to approximate this data 
accurately. This is indicated by the shaded regions in Figure 
19a. Therefore, no new nodes at higher resolutions are required 
in this region, and the training is continued for the rest of the 
input space. The evolution of the error rates for the various 
Wave-Nets is shown in Table 2. 

The classification error is now ‘approximated by adding $- 
nodes at rn = 12, located at the grid points. The receptive fields 
of these nodes are equal to those of the +nodes, since the scale 
is unchanged. Since this is a two-dimensional problem, we 
have three $-nodes at each grid point, with different orien- 
tations, as depicted in Figure 6. The 12 +nodes at m = 12 are 
trained to approximate the error. The weights of the $-nodes 
and their receptive fields are shown in Figure 18b. The dis- 
criminant plane at this stage is portrayed in Figure 19b. The 
use of three wavelets with different orientations provides sig- 
nificant flexibility in the approximation of the data, since their 
weights can be adjusted independently, such that the four 
quadrants of the wavelet’s receptive field have different output 
values. 
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Figure 16. Construction of approximation at multiple resolutions. 
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Figure 17. Training and testing data for fault diagnosis 
example. 

Table 2. Wave-Net Performance on Training and Testing Data 
for Various Networks 

No. Wave-Net Structure Approx. Error Pred. Error 

1 6 @-nodes at m = 12 0/60 (0%) 4/30 (13%) 
12 $-nodes at m= 12 
13 $-nodesatm=ll 
21 $-nodes at m =  10 

2 6 @-nodes at m =  12 0/60 (0%) 4/30 (13%) 
12 $-nodes at m =  12 
13 $-nodes at m =  11  
9 $-nodes at m = 10 

3 6 +nodes at m =  12 0/60 (0%) 4/30 (13%) 
1 1  $-nodes at m = 12 
7 $-nodes at m = 11  
9 $-nodes at rn = 10 

4 6 @-nodes at m =  12 5/60 (8Vo) 7/30 (23%) 
1 1  $-nodes at rn = 12 
5 $-nodes at m = 1 1  
9 $-nodes at m =  10 

The training procedure is continued till the data are over- 
fitted. The receptive fields of the nodes at m = 11 and m = 10, 
and their weights are shown in Figures 18c and 18d. From 
Table 2 we see that perfect classification is possible with 6 4- 
nodes and 46 $-nodes. The Wave-Net is then optimized by 
crossvalidation with the testing data, by removing nodes with 

Figure 18. Receptive fields and weights at various resolutions. 
Nodes eliminated during optimization are shaded. Numbers denote coefficients for + I ,  Y2, Y'. 
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Figure 19. Evolution of discriminant surface at various resolutions. 
Numbers indicate Wave-Net prediction in respective rectangular receptive fields for optimized network. 

small weights and monitoring the error. The receptive fields 
of the nodes eliminated during Wave-Net optimization are 
shown shaded in Figure 18. The performance on testing data 
starts deteriorating for less than 33 nodes. The optimum net- 
work based on the given training data consists of 6 &nodes 
at m = 12, 11 $-nodes at m = 12, 7 $-nodes at m = 11, and 9 
$-nodes at m =  10. 

The evolution of the discriminant surface separating the 
three classes is shown in Figure 19. The Wave-Net output for 
only &nodes at m =  12 is shown in Figure 19a. As mentioned 
above, perfect classification is possible in two regions where 
data belonging to only one class are present. The output for 
the other regions is an average of the training data within the 
respective receptive field. The addition of $-nodes divides the 
input space into smaller sections resulting in improved ap- 
proximation as shown in Figures 19b, c and d. The discriminant 
surface for the final, optimized Wave-Net, classifies all the 
training data accurately, shown in Figure 19d. Misclassified 
testing data are present either in a region with inadequate 
training data, or on the boundary of the discriminant surfaces. 
From this set of figures, we see the advantages of learning at 
multiple resolutions. The resolution of the nodes in various 
regions of the input space is decided entirely by the intricacy 
of the function being approximated, as represented by the 
training data. Consequently, higher resolution wavelets are 
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required to approximate the discriminant in regions where the 
classes overlap. 

In this example, the dimensions of the rectangular receptive 
fields are chosen proportional to the smallest sampling rates 
along each input dimension (= O.OOO4/O.OOO1). Clearly this is 
very conservative, and the resolution of the activation func- 
tions does not need to get any finer than m = 10. Other criteria, 
like the covariance matrix of the training data, may be used 
to select the dimensions of the receptive fields. Also, Wave- 
Nets with nodes having elliptical (instead of rectangular) re- 
ceptive fields may be obtained by using other wavelets like 
Battle-Lemarie, as mentioned in the fifth section. 

Conclusions 
In this article we have presented a new type of artificial 

neural network for learning from empirical data. Wavelet Net- 
works or Wave-Nets perform localized learning in a multire- 
solution, hierarchical manner, using orthonormal wavelets and 
scaling functions as activation functions. The network learns 
the mapping hierarchically by first learning a global approx- 
imation, and subsequently reducing the global and local ap- 
proximation errors by adding nodes at different resolutions to 
capture finer details. Wave-Nets are designed based on firm 
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theoretical foundations derived from functional analysis and 
wavelet theory, and have several attractive properties. 

Wave-Net design is based on an explicit control of the 
local and global measures of accuracy of the approxi- 
mation desired. The availability of an error estimate is 
very useful as a meaningful criterion to decide the network 
structure and parameters, and eliminates trial and error. 
The use of an orthonormal set of basis functions for 
approximation guarantees the minimization of the least- 
squares error of approximation. Also, nodes may be added 
or removed without retraining the network. 
The overall learning task and network adaptation are very 
efficient and take from O(N) to O(N2)  time. This is at 
least an order of magnitude improvement over the com- 
plexity of BPNs and RBFNs. 
Different types of wavelets and scaling functions may be 
used depending on the characteristics of the learning prob- 
lem. 

Wave-Nets solve the learning task as a functional approxi- 
mation problem, but they possess all the characteristics of 
artificial neural networks. According to the developers of par- 
allel distributed processing (popularly known as artificial neural 
networks) (Rumelhart et al., 1986), there are eight major as- 
pects of a parallel distributed processing model: 

A set of processing units. 
A state of activation. 
An output function for each unit. 
A pattern of connectivity among units. 
A propagation rule for propagating patterns of activities 
through the network of connectivities. 
An activation rule for combining the inputs impinging on 
a unit with the current state of that unit to produce a new 
level of activation for the unit. 
A learning rule whereby patterns of connectivity are mod- 
ified by experience. 
An environment within which the system must operate. 

It is clear from the description in this article that a Wave-Net 
possesses all these characteristics, and is therefore an artificial 
neural network. It also provides insight into the link between 
the mystique and arbitrariness of neural network learning and 
the clarity and precision of functional approximation theory, 
thus eliminating the black box nature of neural net learning. 

Several extensions and applications of Wave-Nets are pos- 
sible. In this article, we have restricted ourselves only to or- 
thonormal wavelets as activation functions, but several 
nonorthonormal wavelets are also available. Many functions 
with well known approximation properties, like cubic splines 
and Gaussians may be used as scaling functions, with the 
corresponding wavelets being their first or second-order de- 
rivatives. Even some advantages of orthonormality may be 
retained if certain mathematical conditions based on frame 
theory are satisfied (Daubechies, 1990). Many wavelets also 
either belong to the class of Radial Basis Functions or can 
easily construct these functions. The application of these 
wavelets for neural learning can provide the link between RBFs 
and wavelets. Similar connections between wavelets and BPNs 
have been demonstrated by Pati and Krishnaprasad (1991). A 
general theory of neural learning may be developed based on 
Wave-Nets, and is an area of active research. The examples 
given in this article are simple and are meant to illustrate the 
properties and design methodology of Wave-Nets. Future work 
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includes the application of Wave-Nets to large, multidimen- 
sional problems, with emphasis on adaptive control and system 
identification. 
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